A finite group G is said to be an SCLD-group if every square of conjugacy class lengths of elements of G divides the order |G|. In this note, we prove that a non-abelian SCLD-group is not a simple group, an almost simple group or a Frobenius group. For a nilpotent group G, G is an SCLD-group if and only if each Sylow subgroup of G is an SCLD-group. A group of order p n for the prime p and n ≤ 4 is an SCLD-group. We also provide some other results on SCLD-groups.
Introduction
Throughout the note, we only consider finite groups. It is always interesting that using some quantities closely related to the group itself, e.g., group order, character degrees, conjugacy class lengths, describe the group structure. Let G be a finite group and g ∈ G, the conjugacy class of g in G is the set g G = {x −1 gx | x ∈ G}, and its cardinality |g G | is called the conjugacy class length of g in G. Since |g G | = |G : C G (g)| where C G (g) is the centralizer of g in 
Preliminaries
We now list some useful facts on class sizes.
Proof. Using the facts |x
is a subgroup of G, we deduce the first claim. And the second claim follows from Lemma 5.18 of [1] .
Let n be a positive integer and p a prime number, we use n p to denote the largest p-power divisor of n.
Lemma 2.2. Let G be a non-abelian simple group and prime
Proof. This is main result of [2] .
Lemma 2.3. Let G be a non-abelian simple group and write Out(G) for the outer automorphism group of G. Then there exists a prime divisor
Proof. See Proposition 2.1 of [5] .
For a p-group P , if the greatest class size of P is p b(P ) , then the exponent b(P ) is called the breadth of P . 
Results

Proof of Theorem
divides |Aut(S)|. It is known that |Aut(S)| = |Inn(S)||Out(S)| = |S||Out(S)|. We have |Aut(S)|
can not be a divisor of |G| because (|N |, |H|) = 1. This contradiction implies that G is not a Frobenius group. The proof is finished. Proof of Theorem B Because G is nilpotent, G is the direct product of all of its Sylow subgroups. Suppose that G is a SCLD-group and P ∈ Syl p (G). Let 1 = x ∈ P , then x G = x P . Considering |x G | 2 is a divisor of |G|, it follows that |x P | 2 is a divisor of |P |, and hence P is also a SCLD-group. Conversely, suppose that all of Sylow subgroups are SCLD-groups. Since G is nilpotent, any x ∈ G can be uniquely factored into the product x 1 x 2 · · · x n for the x i are p i elements, where the primes p i are the different divisors of |G|. Proof. For any x ∈ P , we have
Also P is normal, we get that P C G (x) is a subgroup of G and so
Proof of Theorem C When n ≤ 2, G is abelian, the desired result is obvious. Now we may assume that G is non-abelina and n ≥ 3. In the case where n = 3, take the non-central element x ∈ G, then |x G | = p or p 2 . In order to prove the result, it suffices to prove |x
, which implies that x ∈ Z(G), a contradiction. In the case where n = 4, pick the non-central element x ∈ G, then |x
, again a contradiction. The proof is complete. Proof. Abelian groups are obvious SCLD-groups. Let P be a non-abelian special p-group, then P = Z(P ). Let |P | = p n and |Z(P )| = p k . Applying Lemma 2.4, we get b(P ) ≤ k and b(P ) ≤ (n − k) − 1, and so 2b(P ) ≤ n − 1, thus P is a SCLD-group, as wanted.
In the process of proving the results above, we strongly feel that the following claim should be true, however we are not able to provide the proof. 
